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HOMOTOPY THEORY OF MINIMAL SIMPLICIAL SPACES

MARK D. PRITT

ABSTRACT. Various aspects of homotopy theory in the category of minimal
simplicial spaces are studied. It is shown that the usual results of homotopy
theory hold in this category, and necessary and sufficient conditions are given
under which a simplicial space has the homotopy type of a minimal simplicial
space. Continuous cohomology in this category is also studied.

INTRODUCTION

Simplicial spaces are simplicial objects in the category of topological spaces.
Many important topological spaces, such as the classifying space BG of a topo-
logical group [7] and Haefliger’s classifying space BI . for codimension g fo-
liations [5], are geometric realizations of simplicial spaces [8]. Unfortunately,
the category of simplicial spaces is difficult to work with. For example, many
of the results of homotopy theory do not hold in this category. In this paper
we study minimal simplicial spaces and show that the subcategory of simplicial
spaces having the homotopy type of minimal simplicial spaces is well behaved.
In particular, the usual results of homotopy theory are valid in this subcate-
gory. We also give necessary and sufficient conditions for a simplicial space to
have the homotopy type of a minimal simplicial space, and we prove several
theorems about the continuous cohomology of these simplicial spaces.

In the first three sections of this paper we present the main results, and we
prove these results in the remaining four sections. As in [3], we shall be working
implicitly in the category of compactly generated topological spaces [9]. We
shall also assume for convenience that all simplicial spaces are connected, that
is, given any two O-simplices x, y € X, of the simplicial space X, there exists
a l-simplex z € X, such that §;z=x and 9,z=y.

I would like to thank R. Szczarba for his guidance with this work and his
patient assistance during the preparation of this paper.

1. HOMOTOPY TYPE OF MINIMAL SIMPLICIAL SPACES

In this section we study simplicial spaces which have the homotopy type of
minimal simplicial spaces. We begin by defining a continuous version of the
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Kan extension condition [6, Definition 1.3]. Let X be a simplicial space. For
n>1 and 0 <k < n define

X(n, k) ={(Xg, oo s Ko ovn > X,) €(X,_)"10,X;, = 0,_,%;, i < j},

where (X p)" =X XX X b d factors. There is a natural continuous mapping
p=p, X, — X(n, k) defined by p(x) = (9px,... ,9x,... ,8,x).

Definition 1.1. The simplicial space X 1is a semi-Kan space if for every n and
k, 0 < k < n, there exists a continuous section A =4, ,: X(n, k) — X, of
the mapping p which satisfies the “degeneracy condition” l(p(s,x)) =g;x for

0</<n-1and xeX,_,.

The continuous sections A = A, , in this definition are called the semi-Kan
maps of X . It is an easy exercise,’ using the semi-Kan maps, to show that the
homotopy groups of a semi-Kan space are topological groups.

Note that if we regard a semi-Kan space as a simplicial set (by “forgetting”
the topology), then it satisfies the Kan extension condition [6, Definition 1.3].
We define a minimal, semi-Kan space to be a semi-Kan space which is minimal
[6, Definition 9.1, Lemma 9.2] as a simplicial set; that is, homotopic simplices
are equal.

Why do we use the term “semi-Kan” rather than “Kan”? Brown and Szczarba
have given a definition of Kan simplicial spaces [3, Definition 2.1] which appears
to be stronger than that of semi-Kan spaces. They chose their definition so that
the function space F(X, Y) is Kan whenever Y is Kan [3, Theorem 2.17].
It turns out, however, that these two definitions are equivalent for minimal
simplicial spaces (see the remark following Corollary 2.9).

Let X be a semi-Kan space, and let *x € X denote the degeneracies of a
fixed basepoint * € X,. Define X(n) and /?n by

X(n)={(x4,...,x,) € (Xn_l)"+l|3x € X,, such that 0,x = x;},

)?n ={x € X,]0,x = x}.
Let p=p,: X, — X(n) denote the natural continuous surjective map defined

by p(x) = ((90x .., 0,x),andlet v =v, : /\N’n — 7, X be the natural quotient
map.

Theorem 1.2. Let X be a semi-Kan space with basepoint . Then X contains
a minimal, semi-Kan space as a strong deformation retract if and only if the
Sfollowing two conditions are satisfied:

(i) For every n > 1 there exists a continuous section ¢ = c,: X(n) — X,
of p: X, — X(n) which satisfies the degeneracy condition c(p(s;.x)) = s, x for
0<k<n-1land xeX,_,.

(i) For every n > 0 there exists a continuous section o = «,: 1, X —
v: /\N’n — n, X satisfying the degeneracy condition «(0) = *.

Bl

n of

This theorem is a special case of Theorem 2.2.
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Definition 1.3. Let f: X — Y be a continuous simplicial map of semi-Kan
spaces. Then [ is a strong equivalence if the induced homomorphism f,: n, X
— m,Y is a homeomorphism for every n. In this case we say X and Y are
strongly equivalent.

In particular, homotopy equivalent simplicial spaces are strongly equivalent.

Theorem 1.4. Let f: X — Y be a strong equivalence of minimal, semi-Kan
spaces. Then f is a simplicial homeomorphism.

The proof is given in §5. This theorem yields several interesting corollaries.

Corollary 1.5. Let X be a semi-Kan space. Then X contains a minimal, semi-
Kan space as a strong deformation retract if and only if X has the homotopy
type of a minimal, semi-Kan space.

Proof. Suppose X has the homotopy type of a minimal, semi-Kan space M .
Then there are continuous simplicial maps f: M — X and g: X — M such
that fog ~id, and go f ~id,,. By Theorem 1.4, go f is a simplicial
homeomorphism. Let M’ = f(M), and define / = fo(go f)~'. Then f
is a simplicial homeomorphism with inverse g] w- M " M. Thus, M isa
minimal, semi-Kan space, and using the homotopy between fog and id, one
can check that M’ is a strong deformation retract of X .

Definition 1.6. A homotopy-minimal space is a semi-Kan space which has the
homotopy type of a minimal, semi-Kan space.

The following two corollaries of Theorem 1.4 are easy to prove.

Corollary 1.7. Let X be a homotopy-minimal space, and let M, and M, be
minimal, semi-Kan spaces, both of which are strong deformation retracts of X .
Then M, and M, are simplicially homeomorphic.

Corollary 1.8. Two homotopy-minimal spaces X, and X, have the same homo-
topy type if and only if they are strongly equivalent.

For 7 a topological abelian group, let K(7, n) be the simplicial topological
group defined by
K(n,n), =Z"(Alq]; n),

the space of normalized cocycles, as in [6, pp. 100-101 or 3, §2, p. 59]. For
7 a nonabelian topological group, define K(xm, 1) by the usual bar construc-
tion [3, §2, Example 2].

Corollary 1.9. Let n be a positive integer and n a topological group (abelian if
n>1). Let Z be a minimal, semi-Kan space such that n,Z =n and n,Z =0,
i#n. Then Z is simplicially homeomorphic to K(n, n).

Proof. Since Z is minimal, Z, = for i<n and Z, =n. Let f: Z — 7 be
the identity map. By the addition theorem for simplicial sets [4, p. 19], fisa
cocycle (i.e., Z(—l)’f(al.z) =0 for z€ Z,_, ). Thus, there exists a continuous
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simplicial mapping f: Z — K(n, n) (see [3, Lemma 3.5 or 6, Lemma 24.3])
which is a strong equivalence, hence a simplicial homeomorphism by Theo-
rem 1.4.

Remark. Let G be a simplicial topological group, and let (G, 9) be its as-
sociated topological chain complex [6, Proposition 17.3], where Gq = Gq N

kerd, N ---Nkerd,_, and 9 = §,: —Gq — Eq_l. It can then be shown that

G is homotopy-minimal if and only if the chain complex (G, 9 ) is splittable
[3, Definition 8.2].

2. NATURAL POSTNIKOV SYSTEMS OF MINIMAL SIMPLICIAL SPACES

To continue our study of minimal, semi-Kan spaces, we define semi-Kan
fibrations and twisted products and use these mappings to define natural Post-
nikov systems. We first define semi-Kan fibrations. Let p: E — B be a con-
tinuous simplicial map of simplicial spaces, and for » > 1 and 0 < k < n
define

En,k)y={(b;ey,... , €, ... ,en)ean(En_l)"|
de; =0, € for i < j, and pe, = 0,b}.
Then there is a natural continuous map p = p, ,: E, — E(n, k) defined by
ple) = (pe; dpe, ... ,5]:6, ..., 0.e).

Definition 2.1. The mapping p: E — B is a semi-Kan fibration if for every n
and k, 0 < k < n, there exists a continuous section A = An’k of p: E, —
E(n, k) which satisfies the degeneracy condition A(p(s,e)) =se for 0</ <
n—1and eckE,_,.

The simplicial space F = p"l(*) is called the fiber of the semi-Kan fibration
p: E — B. We call the continuous sections A = ln, . the semi-Kan maps.
Associated to any semi-Kan fibration is the usual exact sequence of homotopy
groups with connecting homomorphisms induced from the semi-Kan maps (cf.
[3, Theorem 6.5]).

Note that a semi-Kan fibration is a Kan fibration [6, Definition 7.1] as a map
of simplicial sets. We define a minimal, semi-Kan fibration to be a semi-Kan
fibration which is a minimal Kan fibration [6, Definition 10.1, Lemma 10.6] as
a map of simplicial sets.

Let p: E — B be a semi-Kan fibration, let E’ be a simplicial subspace of
E, and define p' = pIE,: E' - B. Wesay p': E' — B is a strong deformation
retract of p: E — B if there is a continuous simplicial map F: E x A[1] - E
defining a strong deformation retraction of E' in E such that po F(x, u) =
p(x) for (x, u) e E, xAll],, ¢20. Given a semi-Kan fibration p: E — B,
define

E(n)={(b;ey,... ,e,) € B, x(E

n—1

3e € E, such that pe = b and 0, = ¢,},

n+l
)
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andlet p = p,: E, — E(n) be the map defined by p(e) = (pe; dye, ... , d,€).
We can now give the following generalization of Theorem 1.2.

Theorem 2.2. Let p: E — B be a semi-Kan fibration with fiber F, and assume
that B, = x. Then E contains a simplicial subspace E' such that the map
p' =pl|y: E' — B is a minimal, semi-Kan fibration and a strong deformation
retract of p: E — B if and only if the following two conditions are satisfied.

() For every n > 1 there exists a continuous section ¢ = c,: E(n) — E,
of p: E, — E(n) which satisfies the degeneracy condition c(p(s,e)) = s,e for
0<k<n-1land ecE,_,.

(ii) For every n > 0 there exists a continuous section a = a,: n,F — fn
of the natural quotient map v = v, : fn — n, F which satisfies the degeneracy
condition a(0) = *.

The proof of this theorem is given in §4. Note that the hypothesis B, = *
is satisfied when B is minimal (and connected).

We now define twisted products. Let B and F be simplicial spaces, and let
A(F) be the simplicial space whose n-simplices are all continuous simplicial
maps f: F x A[n] — F which are invertible (cf. [6, §19, p. 74]). There is
a continuous simplicial action of 2(F) on F given by a-x = a(x, 4A,) for
a€AUF),, x € F,. We define a twisting map to be a sequence t1=71,: B, —
A(F),_, of continuous mappings which satisfy the usual twisting identities
[6, Definition 18.3]. Note that A(F) is not necessarily a simplicial topological
group, since the inverse map a — o ! may not be continuous.

Definition 2.3. The twisted product E = B x_F 1is the simplicial space defined
by E, = B, x F,, with face and degeneracy operators the product of those in
B with those in F, except that

By(b, x) = (8yb, T(b) - 9yx)

for (b, x) € B, x F,. We often refer to the map p: E — B, defined by
p(b, x) = b, as the twisted product, and we call E the fotal space, B the
base space, and F the fiber.

In Lemmas 2.4 and 2.6 we give conditions under which a twisted product is
a twisted cartesian product (TCP) [3, §6, pp. 80-81].

Lemma 24. Let E = B x_F be a twisted product. Suppose each topological
space Fq is locally compact and locally connected. Then E is a TCP.

Proof. By |1, Theorem 4], the group of homeomorphisms of F v is a topological
group. It is then easy to check that 2A(F) is a simplicial topological group and
E is a TCP.

We now define principal twisted products. Let B x_G be a twisted product
whose fiber G is a simplicial topological group. There is a natural simplicial
inclusion G — A(G) defined as follows. For x € G, , let X: A[n] — G be the
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natural simplicial map determined by x, and define the continuous simplicial
map 6,: G x A[n] — G by

0.(g,u)=g-X(u) for(g,u)eqG, xAln].
Then the mapping x +— 6, defines the inclusion of G in A(G).
Definition 2.5. Let B x, G be a twisted product whose fiber G is a simplicial
topological group. We define B x_ G to be a principal twisted product if the
image of the twisting map t: B, — 2(G),_, is contained in G for every
n.

n—1

A principal twisted cartesian product (PTCP) is a TCP whose fiber and group
are identical and in which the group acts on the fiber by left multiplication. The
following lemma follows immediately from the definitions.

Lemma 2.6. Principal twisted products are PTCP’s.
The proof of the following theorem is given in §6.

Theorem 2.7. 4 mapping p: E — B, where B, = x, is a minimal, semi-Kan
fibration if and only if it is a twisted product with minimal, semi-Kan fiber.

We can now define natural Postnikov systems.

Theorem 2.8. Let p: E = B x_F — B be a twisted product with minimal,
semi-Kan fiber F, and assume B, = x. Then there is a sequence

N E(”) N E(n_l) e E(l) N E(O) =B
of twisted products such that the fiber of E™ — E"™V s K (n,F,n), and
E, =E("; for g <n.

The proof is given in §7.

Corollary 2.9. Let X be a minimal, semi-Kan space. Then there is a sequence
RN X(”) SN X(""‘l) RN X(l) N X(O) - %

of twisted products such that the fiber of x" o x0 gg K(rn,X,n), and

quX("; for g <n.

The sequence of twisted products appearing in this corollary is called the
natural Postnikov system of X . It is a very useful tool for studying minimal,
semi-Kan spaces. For example, using it and the easily demonstrated fact that
any twisted product of Kan spaces is Kan, one can show that minimal, semi-
Kan spaces are Kan (in the sense of [3]). In the next section we will use natural
Postnikov systems to study continuous cohomology.

For n >0 and = a topological group (abelian if n > 1), let : L(n, n) —
K(m, n) be the “universal fibration over K(n, n)” [6, p. 102]. For a PTCP
E = K(G,n) x, K(H, n~ 1) there exists a continuous simplicial mapping
f: K(G,n) — K(H, n) such that E is the pullback by f of the universal

fibration over K(H, n) [6, Theorem 23.10]. Let f: G — H be the homomor-
phism induced by f [6, Lemma 25.1].
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Proposition 2.10. E is homotopy-minimal if and only if for every n there exist
continuous (not necessarily homomorphic) sections of the natural epimorphisms

f: G- imf and H — cokerf.

The proof of this proposition (which we leave to the reader) is an application
of Theorem 1.2 and the fact that E is the pullback by f of the universal
fibration over K(H, n). We now give several examples of simplicial spaces
which are not homotopy-minimal.

Example 2.11. Let f/: K(R, n) - K (S1 , n) be the simplicial mapping induced
by the canonical epimorphism R — S ! and let E be the pullback by f of the
universal fibration over K (S1 , n). The nontrivial connecting homomorphism
in the exact homotopy sequence of the PTCP E = K(R, n) x_ K (S1 ,h—1)
is the canonical epimorphism R — S b Thus, E has the homotopy groups of
K(Z, n), but not its homotopy type by Proposition 2.10.

Example 2.12. We now construct a noncontractible simplicial space whose ho-
motopy groups are trivial. Let R’ denote the additive group of reals with its
discrete topology, and let k: K (R‘s, n) — K(R, n) be the simplicial mapping
induced by the natural homomorphism R’ — R. Define U to be the pullback
by k of the universal fibration over K(R, n). Then all of the homotopy groups
of U are trivial, but U is noncontractible by Proposition 2.10.

Example 2.13. We give another construction of a noncontractible simplicial
space whose homotopy groups are trivial. Let g: K(Z,n+ 1) - K(R,n+ 1)
be the simplicial map induced by the natural inclusion Z — R, and define V'
to be the pullback by g of the universal fibration over K(R, n + 1). Define
h:V — L(Sl , n+ 1) to be the composition V' — L(R,n+ 1) — L(Sl ,n+1)
of natural projections. Since the composition

KZ,n+1) 5 KR, n+1) L K(ES , n+1)

is the zero map, where f is the mapping defined in Example 2.11, the image of
h is contained in K(S1 , n). Define W to be the pullback by 4: V — K(Sl , 1)
of the universal fibration over K(S t n). Then examination of the exact ho-
motopy sequence of W vyields n,W =0 for all i, but W is noncontractible
as one can check using Theorem 1.2.

3. CONTINUOUS COHOMOLOGY OF MINIMAL SIMPLICIAL SPACES

We now use natural Postnikov systems (Corollary 2.9) and the Serre spectral
sequence in continuous cohomology [3, §8] to study the continuous cohomology
of minimal, semi-Kan spaces. We first give an analogue of the Whitehead theo-
rem. We next prove that if the homotopy groups of a minimal, semi-Kan space
are compact Lie groups, then its continuous cohomology is trivial. We finally
turn our attention to simplicial manifolds and smooth cohomology and prove
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that the smooth and continuous cohomologies of certain simplicial manifolds
are isomorphic.

Definition 3.1. A homotopy-minimal space X is simple if all of the twisted
products in its natural Postnikov system are principal.

It can be shown that the twisted products in the natural Postnikov system
of a homotopy-minimal space X define a natural action of 7, X on #, X for
every n, and it can also be shown that X is simple if and only if all of these
actions are trivial (cf. [6, Theorem 25.7]).

We now give an analogue of the Whitehead theorem for simple spaces whose
homotopy groups are abelian Lie groups. Define the dual homotopy groups
[3, §2, p. 631 of X by n"X = Hom__ (7, X,R), and let H"X denote its
continuous cohomology [3, §2, p. 58].

cont

Theorem 3.2. Let f: X — Y be a continuous simplicial map of simple spaces,
and assume n,X and n,Y are abelian Lie groups for all n. Then f*: H'Y —
H"X is an isomorphism for every n if and only if f*:n"Y — n"X s an
isomorphism for every n.

The proof is given at the end of this section.
The following theorem is a generalization of a classical result [10, Theorem 2]
for compact Lie groups.

Theorem 3.3. Let X be a homotopy-minimal space, all of whose homotopy
groups are compact Lie groups. Then H*(X) is trivial.

Proof. Let X ) be the nth space in the natural Postnikov system of X .
Since the homotopy groups of X are Lie groups, the twisted products X" =
x=h x, K(n,X,n) are TCP’s by Lemma 2.4. Furthermore, it is not diffi-
cult to show that the continuous cochain complex C*(K (m,X, n)) is splittable
[3, Definition 8.2], so we can apply the Serre spectral sequence [3, Theorem 8.3]
to these TCP’s.

We will show that H*(X") is trivial for all n. For n = 1, we have
xW = K(m, X, 1). Since H*(K(an, 1)) is the continuous group cohomology
of the compact Lie group 7, X, it is trivial by the Van Est Theorem [10, Theo-
rem 2]. As an inductive step, assume H*(X("_')) is trivial. Then, applying an
inductive argument using the Van Est Theorem and the Serre spectral sequence
to the universal fibration over K(m, X, q) for every g < n, it can be shown
that the continuous cohomology of K(m, X, n) is trivial. Application of the

Serre spectral sequence to the TCP X" = x~V x. K(m,X, n) then yields
H(x") =B (x"Y).
We now turn our attention to simplicial manifolds and smooth cohomol-

ogy. Our basic result is that for certain simplicial manifolds, the smooth and
continuous cohomologies are isomorphic.
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Definition 3.4. A simplicial space X is a simplicial manifold if each X, is
a (finite-dimensional) smooth manifold, and if the face and degeneracy maps
are smooth maps. A semi-Kan simplicial manifold is a simplicial manifold X
which is also a semi-Kan space with smooth semi-Kan maps.

Definition 3.5. For a simplicial manifold X and locally convex topological
vector space V , define the smooth cohomology of X with coefficients in V.,
H;(X ; V), to be the homology of the cochain subcomplex CS* (X; V) of the
continuous cochain complex C*(X; V), where C,(X; V) is the space of all
smooth mappings f: X, — V' which vanish on degeneracies.

We call H'X = H(X;R) the smooth cohomology of X . Note that, for
any Lie group G, the smooth cohomology of K(G, 1) is by definition the
same as the smooth group cohomology of G. Note also that there is a natural
homomorphism H’X — H"X induced by the inclusion C;(X)— C*(X).

Definition 3.6. A PTCP E = B x_G is a smooth PTCP if B is a simplicial
manifold, G is a simplicial Lie group, and the twistingmap t=1,: B, —» G, _,
is smooth for every n.

It is easy to check that if £ = B x_G is a smooth PTCP, then E is a
simplicial manifold.

Theorem 3.7. For any smooth PTCP E = Bx G, there exists a spectral sequence
{&"} converging to H (E) such that

&% = H)(B; H(G)).
Proof. The proof is exactly analogous to that of [3, Theorem 8.3]. (Cf. §§1X.5.9
and IX.6.1.5 of [2].) The only difference occurs in showing

kerd': CS”(B; qu(G)) — CS”(B; CS"“(G))
imd’: C’(B; C?7'(G)) — C"(B; CY(G))
Since Bp is a manifold, Cf(B, -) is an exact functor from the category of

Fréchet spaces to Fréchet spaces [2, §1X.6.1.5]. Applying it to the short exact
sequences of Fréchet spaces

0— B!(G) = Z!(G) — H!(G) - 0,

(3.8) C}(B; H{(G)) =

0— Z(G)— C!(G) % B (G) -0,
yields (3.8).
We call {£€7'?} the Serre spectral sequence in smooth cohomology.

Theorem 3.9. Let X be a semi-Kan simplicial manifold which is simple and
whose homotopy groups are Lie groups. Then the natural homomorphism HS*X
— H" X is an isomorphism.

Proof. Let X ™) be the nth space in the natural Postnikov system of X . Since
K(m, X, n) is a simplicial Lie group for every n and since the semi-Kan maps
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of X are smooth, X' = x®=V x. K(n,X, n) is a smooth PTCP for every

n. Thus, X ™ isa simplicial manifold.

To prove the theorem, it suffices to show that the map H, (X Dy & 7 (x™)
is an isomorphism for every n. For n =1 this is the well-known result which
gives an isomorphism between the smooth and continuous cohomologies of a
Lie group. As an inductive step, assume it is true for n — 1. Let {é’r" Ay
be the Serre spectral sequence in smooth cohomology, and {Ef7 "9} the Serre
spectral sequence in continuous cohomology, for the smooth PTCP X M =
xn=n x. K(n, X, n). There is a natural homomorphism {&”?} — {E?*?}

of spectral sequences induced by the inclusion C; (X My« c*(x™). The
natural homomorphism

%p,o — Hf(X(n—”) — HD(X(n_l)) — Ezpso
is an isomorphism for all p by the inductive step. Similarly, the homomorphism
&4 =H (K(n X, n) — H' (K(n X, n)) = Ey*

is an isomorphism for all ¢ by Lemma 3.10 below. Since Eg 7 and éé”zo’q are
finite-dimensional as real vector spaces, the homomorphism

P.4 _ p,0 0,9 p,0 0,9 _ r-p.q
& "=8&" ®& " —E ®E =E

is then an isomorphism for all p and ¢ . This gives an isomorphism of spectral
sequences, whence H. (X ™y - H*(x"™) is an isomorphism.

Lemma 3.10. If G is a Lie group, then for every q the natural homomorphism
q q
H (K(G, n)) — H(K(G, n))

is an isomorphism of finite-dimensional real vector spaces.

Proof. For n = 1, the isomorphism follows from the well-known result for Lie
groups, and the finite-dimensionality follows from the Van Est Theorem [10,
Theorem 2]. For n > 1, G must be abelian, and it is not difficult to show that
G must then be of the form G = R¥ x (Sl)'" x Z' x H, where H is any finite
abelian group. The lemma then follows by applying the usual Serre spectral
sequence argument [3, Lemma 10.1] to the universal fibration over K(G, q)
for every ¢.

Proof of Theorem 3.2. We will need the following result. In [3, §2, p. 61] there
is defined a contravariant functor A from the category of topological DG al-
gebras to that of simplicial spaces; A(A) is the “simplicial realization” of the
algebra 4. In [3, Theorems 2.11 and 2.13] it is proven essentially that, given
a simple space X whose homotopy groups are abelian Lie groups, there exists
an algebra M and a continuous simplicial map f: X — A(M) which induces
isomorphisms in continuous cohomology and dual homotopy groups. Further-
more, given another algebra M’ and a map f: X — A(M') which induces an
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isomorphism in continuous cohomology, there exists an algebra isomorphism
h: M' — M such that the maps A(h)o f and f' are homotopic.

Suppose f“: H'Y — H" X is an isomorphism. Choose algebras A and N,
and continuous simplicial maps a: X — A(M) and fB:Y — A(N), as above.
Since fo f: X — A(N) induces an isomorphism on continuous cohomology,
there exists an algebra isomorphism 4#: N — M such that A(h)oa ~ Bo f.
That is, the following diagram commutes up to homotopy:

X S

‘| s

A(M) T A(N)
Applying the dual homotopy functor n"(-) to this diagram for every n yields
the fact that f*: n"Y — n" X is an isomorphism for every n.

Conversely, suppose f induces an isomorphism on dual homotopy groups.
Let X" and Y™ be the nth spaces in the natural Postnikov systems of X
and Y, respectively, and note that f induces a map f: X" — Y. We will
prove by induction that f*: H*(Y'"™) — H*(X") is an isomorphism for every
n. For n =1 this is true since H(K(n, X, 1)) is equal to zero for ¢ > 1 and
n'X for ¢ = 1. As an inductive step, assume f*: H*(Y"™ V) - H*(x"™")
is an isomorphism. Then the map of PTCP’s induced by f,

K(m X, n) —L— K(z,Y,n)

I !

x™ L y™
x(=D /. y(n=b

induces isomorphisms in continuous cohomology on the fibers and the bases.
Since HY(K (m,X, n)) is finite-dimensional by Lemma 3.10, the E, terms of
the Serre spectral sequences for the two PTCP’s simplify to E5"? = E}” 0®E§ i,
Thus, f induces an isomorphism in continuous cohomology on the total spaces.

4. PROOF OF THEOREM 2.2

Let p: E — B be a semi-Kan fibration with fiber F, and suppose E contains
a simplicial subspace E' such that the map p' = p|,.: E' — B is a minimal,
semi-Kan fibration and strong deformation retract of p: E — B. We must
show that for every n there exist continuous sections a = a,: 7, F — F, and
¢ =c,: E(n) —» E, of the natural mappings v = v,: 17",, — n,F and p =
p,: E, — E(n), respectively, which satisfy the degeneracy conditions «(0) = *
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and c(p(s,e)) = spe. Let F' be the fiber of the minimal, semi-Kan fibration

p't E' — B. Since F’' is a strong deformation retract of F and since F, =
{x € F,: | 0.x = *} = 7, (F '), the continuous section a: n,F — ﬁn is given
essentially by the inclusion of F! in F, .

We now show that a continuous section c: E(n) — E, of the natural map
p: E, — E(n) exists and satisfies the degeneracy condition. This is done in two
steps and is an immediate consequence of the following two lemmas.

Let p: E — B be as above, and define spaces H, and H(n) by

H ={z€E,|3xe€E, | withdz=0;s, xfori<n-1
and pz =s,_,px},

H(n)={(x,y) €E,_, xE,_ |x ¥ y}.

Let { = {,: H, — H(n) be the natural continuous map defined by {(z) =
(0,_,z,0,z). Note that { is surjective.

n—1

Lemma 4.1. Let p: E — B and { = {,: H — H(n) be as above. Then there
exists a continuous section h = h,: H(n) — H, of {: H, — H(n) which satisfies
the degeneracy condition h(x, x)=s,_x for x€E,_,.

Proof. For n > 0 and 0 < i < n, let h;: E, — E,_, be a collection of

“homotopy maps” defining the strong deformation retraction of p’: E' — B in
p: E — B. Thatis, the h,’s satisfy the conditions dyh, =id, , 0,, h,e € E

n+1""n
for e € E,, poh,=s,0p,and he' =s¢ for ¢ € E,, as well as the usual
conditions [6, Definition 5.1]. We will use the 4, ’s to define the section 4.
Let (x,y) € H(n). For n =1, define h(x, y) = 0yA(s,S,px; —. hyX, hyy).
For n > 1, define w,; € E, by induction from i =n -1 to i =0 as follows.
Let

W,y = 0y A8, 8,1 PX 5 OgS,hy_ 1 X5 oo
8n—2snhn—1x’ = h,_\x,h,_\y) €E,.
Then w, ,:0,_\h,_,x 2 1N,y - For the inductive step, let 0<r<n-1
and assume w, , € E, is defined so that w,_: r+lhr+1x r+lhr+1y Define
w, = 0,A(s,5,pX; Oys,hx,...,0 _s,hx,—, 0.,
,+2shx o5 0, S,hx, h.x,hy)€E,.

Then w, th Bhy For r =0 we get w,: x ~y so define h(x, y) =
CItis stralghtforward to show that # satisfies the degeneracy condition.

Lemma 4.2. There is a continuous section h = h,: H(n) — H, of the map
{: H, — H(n) which satisfies the degeneracy condition h(x,x) = s,_,x for

x € E,_, ifand only if there is a continuous section ¢ =c,: E(n) — E, of the
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map p: E, — E(n) which satisfies the degeneracy condition c(p(s.e)) = s,e
for 0Sk<n-1and ecE,_ .

The proof of this lemma is straightforward, so we leave it to the reader.

To complete the proof of Theorem 2.2, let p: E — B be a semi-Kan fibration
with fiber F such that B, = *. Suppose for every n there exist continuous
sections o = a,: 7, F — ﬁn and ¢ =c,: E(n) — E, of the natural mappings
v=uv,. fn —n,F and p = p,: E, — E(n), respectively, which satisfy the
degeneracy conditions «(0) = * and c(p(ske)) = s,e. We must construct
a simplicial subspace E' of E such that the map p’ = p|.:E' — B isa
minimal, semi-Kan fibration and strong deformation retract of p: E — B. To

construct E’, we will need continuous sections f = B,  E,/ @ _ E, of the
natural quotient mappings ¢ =g¢,: E, — E, /(,‘L) .

Proposition 4.3. Let p: E — B be a semi-Kan fibration. Suppose for every n
there exist continuous sections o = a,: n,F — F, and ¢ =c,: E(n) — E, as

above. Then for every n there exists a continuous section = f,: E,/ @_, E,

of the natural quotient map q =q,: E, — E,/ ) which satisfies the degeneracy
condition B(q(s.e)) =s.e forec€E, | and 0<k<n-1.

The proof of this proposition is given at the end of the section.

We can now define the simplicial subspace E' of E. Let ¢,: E, — E,
be the continuous mapping defined by ¢, = 8, ogq, . Let E(') = . Assuming
E, | is defined, let Y, = {x € E, | 9,x € E, |}, and define E, = ¢,(Y,).
It is easy to check that E' is a well-defined simplicial subspace of E . Define
p'=p|E,: E'—B.

Proposition 4.4. p': E' — B is a strong deformation retract of p: E — B.
Proof. For n > 0 and 0 < i < n we must define a collection of “homotopy
maps” h;: E, — E,  which satisfy the conditions djh, =id, , 9,, h.e € E:,
for e € E,, poh,=s,0p,and he' =se for ¢ € E,, as well as the usual
conditions [6, Definition 5.1]. The definition of the 4,’s follows from standard
simplicial techniques using the mappings ¢,: £, — E, and c =c¢,: E(n) - E
We leave the details to the reader.

n-

To complete the proof of Theorem 2.2, we need only show that p': E' - B
is a minimal, semi-Kan fibration. Since any retract of a semi-Kan fibration is
semi-Kan, p': E' — B is a semi-Kan fibration by Proposition 4.4. Furthermore,
since ¢,(x) = ¢,(y) for any pair of n-simplices x,y € E, such that x @ Vv,
it is easy to check that p’: E' — B is minimal. This completes the proof of
Theorem 2.2.

Proof of Proposition 4.3. We must define a continuous section : E, / @_, E,

of the quotient map ¢: E, — E,/ %) which satisfies the degeneracy condition
B(q(s,e)) = s,e. We will need the following two lemmas.
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Lemma 4.5. Let p: E — B be a semi-Kan fibration. Then for each n there
exist continuous mappings

¢:{(x,z)€E, xE,|0x =0z, px=pz} —~E,_,

w:{(y,z)€E,xE,|0y= son_laonz, py=s5,0, pz} = E,,
which satisfy the following properties. (For brevity, we will write ¢, and y, for
¢(-, z) and y(-, z), respectively, where z € E, is a fixed n-simplex.)
(1) 9;p,(x) = sg_la(;'z and pg_(x) =sy0,p2;
(i) Ow,(y) =0,z and py (y)=pz;
(i) xZx' e 9.0 %0, (x);
y 2y e v. ) 2w, 0"

)
)
(v) wzoqoz(X)fvx,
i)
)
)

(iv

(
(v fﬂzowz(y) 2y,
(vil) ¢,(z)= Soao z;

(viii y/z(sga(;'z) =z.

Lemma 4.6. Let p: E — B be a semi-Kan fibration. Then for each n there
exist continuous mappings

o:{(x,a)eE, x E||9,x = sO"_lala, DX =s0"81pa} —E,,

:{(y,a)€E, xE 0y = sO"—IBOa, py =s,0,pa} — E,,
which satisfy the following properties. (For brevity, we write o, and t, for
) and (-, a), respectively, where a € E, is a fixed 1-simplex.)
) 8,0,(x) =5y '8,a and pa,(x)=syd,pa;
(i) 9;7,(y) = s(;"‘a a and pt,(y) =s,0,pa;
)

x(ix c»a(x)(p) (x)

iv) y2y o1, % 1,0);

v) 1,00,(x) % x;

vi) a,0t,(0) %Ly,

)
(vil) o (soc’) a)= SOBOa;
(vil) 7,(s50,a) = $,0,a.

Before proving these two lemmas, we complete the proof of Proposition 4.3
by defining f: E,/ @ . E,. Let u € E,/ (p~), and choose a representative

e € E, of the p-homotopy equivalence class of u. Let
z=c,(pe; Ope,... ,0,6)€EE,,

where ¢,: E(n) — E, is a continuous section of p, : E, — E(n) satisfying the
degeneracy condition ¢, (p,(s,e)) = s,e for e€ E, |, and 0 < k <n-—1.
Note that z is independent of the choice of e. Let w = ¢(*; *, 80”2) € F
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where ¢;: E(1) — E, is a continuous section of p,: E, — E(1) satisfying
the degeneracy condition ¢, (pl(soe)) = s,e for e € E;. (Note that we must

have B, = * in order for w to be defined for every u € E,/ @ .) Define the
continuous mapping f: E, /(5)—> E, by

B(u)=y,ot,0a0v00, 09 _(€),

where a: 7, F — 17"" is a continuous section of the quotient map v: F, —
n, F satisfying the degeneracy condition «(0) = . Then by parts (iii)-(vi) of
Lemmas 4.5 and 4.6, B is a well-defined map and ¢(B(«)) = u. Furthermore,
by parts (vii) and (viii) of these lemmas, f satisfies the degeneracy condition
B(q(s.e)) =s,e.

Proof of Lemma 4.5. We first define the mapping ¢ . For n > 0, let (x, z) €
E, x E, so that 0.x = 0,z for all i, and so that px = pz. We define ¢,(x)
by an inductive construction. For 0 < k < n, let z, = sf_ ka(j‘ z € E,. Then
zy=12, z, = $,0,z, and z, = 9,5,z,_,. For 0 < k <n let x, € E, be
defined inductively as follows. Let x;, = x. Assuming x, is defined so that
0,x, = 0,z, and px, =pz, , define

X1 =08, P25 =, 018,255 oo 5 0,185,215 Xies Zp)-

Then 8,x;,, =0,z;,, and px, ., =pz;,,.

Define ¢_(x) = x,. Then 9,p,(x) = 9,x, = sg_lagz and py_ (x) = px, =
$o0y Pz . This proves part (i) of Lemma 4.5.

We now define the second mapping, ¥ . For n >0, let (y, z) € E, X E, so
that 0,y = s(')'_la(;'z for all i, and so that py = 5,8, pz. We define y_(y) by
an inductive construction.

For 0 < k < n define z, = sf_kaokz € E, as above. For 0 < k < n define
¥, € E, inductively from k =n to kK =0 as follows. Let y, = y. Assuming
Viy, 1s defined so that 9,y, ., = 0,z,., and py, , =pz,,, , define

Vi = an'l(snpzk; YViy1> 81Snzk AR 8n—lsnzk’ o Zk)'

Then 0y, = 0,2z, and py, =pz, .

Define y,(y) = y,. Then 0,y,(y) = 0,y, = 0,z and py_(y) = py, = Pz.
This proves part (ii) of Lemma 4.5.

Parts (iv) and (v) of Lemma 4.5 follow easily from (iii) and (vi), while (vii)
and (viii) follow from straightforward inductive arguments. Parts (iii) and (vi)
are also inductive arguments and require the following two lemmas. We leave
the details to the reader.

Lemma 4.7. Let u=Ab; —,e,,... ,e,,,) and

/ !
u=AMb; —,e,...,e,_,,€,,€,.,).

!
n

Then e, ? e if and only if d,u ) 60u' .
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Proof. Let z: e, ® e:, , and define

/
0 = 0pA(s,, b5 —,s,€,...,5,€ Z,u, u).

n+l ntn—1>

Then 6: oyu @) d,u’ . Conversely, let §: O u @ dyu’, and define

/

z2=0,A(s,,,b; 0,5,€,...,5€, ,—,u,u).

. (p) 1
Then z:e, ~ e, .
Lemma 4.8. Let u=Ai(b; ¢,,... ,e,_,,—,e,,,) and

v=Ab; —,e,... ,€,_,,0,u,e, ).

(p)
Then e, ~ 0,v .
Proof. Define 6 = 0)A(b; —,s,e,,...,s,e,_,,5,0,u,u,v). Then 0: ¢, @)

Oy .

Proof of Lemma 4.6. We first construct the mapping ¢ . For n > 0,let (x, a) €
E, x E, sothat 9;x = sg—lala for all i, and so that px = s,0,pa. We define
o,(x) by an inductive construction. For 1 <k < n, define

=8, |~ S,_,Sa€E,.

n—1
Then a,,, = 9ps,a;, Opa, = 9, \ar,, = 8,44y, a, = 5, Gya, 9,a, =
sg_lala, and for 0<i<n, 0,a, = sg_za.
For 0 <k <n+1 define x, € E, inductively as follows. Let x, = x and
X, = 0yA(Sgpa; —, ay, ... , 4y, Xp).
Then 0.x, = d,a, forall i, and px, = pa,. Assuming X, is defined so that
0,x, = 0,a, forall i and px, = pa,, define
Xy = 0pAS,pa s —,0,8,a;, ..., 0,_5,4,, a4, X;).
Then for k <n, 0,x,,, = 0,a,,, forall i and px, , =pa,,, .
Define o,(x) = x,,,. Then 0,0,(x) = 9;x,,, = sg_laoa for all i, and
po,(x)=px,, = sgaopa. This proves part (i) of Lemma 4.6.
We now define the second mapping, 7. For n >0, let (y,a)€ E, X E; so

that 9,y = sg_laoa for all i, and so that py = s;0,pa. We define 7,(y) by an
inductive construction.

For 1 <k < n define a, € E, as above. For 0 < k <n+1 define y, € E,
inductively from k =n+1 to k =0 as follows. Let y,,, =y . Let k>0 and
assume y, , is defined so that 9y, ., = 9,q,,, forall / and py, , =pa,,, .
Define

Ve =0y A8, 005 Yiy» 018,85 -5 0,185,044, 45 ).
Then 0.y, = 0,a, forall i and py, = pa, . Finally, define

Vo =0, Msqpas vy, ay, ... 4, =)
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Define 7,(y) = ¥,. Then 8,7,(y) = 8.y, =s; '8,a forall i, and pt,(v) =
pY, = Sp0,pa . This proves part (ii) of Lemma 4.6.

The proofs of parts (iii)~(viii) of Lemma 4.6 are analogous to those of Lemma
4.5, and we leave them to the reader.

5. PROOF OF THEOREM 1.4

Let f: X — Y be a strong equivalence of minimal, semi-Kan spaces. Thus,
the induced homomorphism f,: n,X — n,Y is a homeomorphism. We must
show that f is a simplicial homeomorphism.

Lemma 5.1. Let f: X — Y be a continuous simplicial map of minimal, semi-
Kan spaces. Then there exist continuous mappings

9 {(x,2)eX, xX,|0x=0z} —»mnX,
9 {v,2)eY xY, |0y=0z}—mnY,
y T,XxX, - X,
t//y: n,YxY —7Y,
which satisfy the following conditions:
(1) y/X((pX(x, z),z)=Xx for x,z€ X, with 0,x =0,z
(il) wl(p (y,2),2)=y fory,z€Y, with 9y =0,z;
(iii) (py(f(x), f(2)) = f*((px(x, z)) for x, z € X, with 8,x =9,z;
(iv) t//y(f*(a),f(z)) =f(W (a, z)) for aen,X and z€ X,,.
Proof. Let ¢ and v be the mappings ¢ and w of Lemma 4.5 applied to
the trivial semi-Kan fibration X — #. Define 9 and v similarly. Parts (i)

and (ii) of Lemma 5.1 then follow immediately from Lemma 4.5(v), and parts
(iii) and (iv) follow from a straightforward inductive argument.

We now prove by induction that the strong equivalence f: X — Y is a
simplicial homeomorphism. The case n = 0 is trivial since X, and Y, consist
of a single basepoint. Assuming f: X, , — Y, | is a homeomorphism, define
a continuous mapping g =g,: Y, — X, by

gW)=v (S o0 (v, fon), n»),

where 7(y) =1X(-, f_l(aly), cee f"l(any)). We claim that g is the inverse
of f: X,—Y,. We have

fog(y)=fowx(f,._’°¢ v, fon(), n)
=‘//y(f*°f,: op (v, fon(), fon(y)) by Lemma 5.1(iv)

=y (o (v, fo n(y)), Son(y))
=y by Lemma 5.1(ii).
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Similarly, we have go f(x) = x, whence f: X, — Y, is a homeomorphism.

6. PROOF OF THEOREM 2.7

We need to prove that a mapping p: E — B, where B, = %, is a minimal,
semi-Kan fibration if and only if it is a twisted product with minimal, semi-Kan
fiber. If p: E — B is a twisted product with minimal, semi-Kan fiber, then an
easy adaptation of [3, Lemma 6.7; 6, Proposition 18.4(ii)] shows that it is a
minimal, semi-Kan fibration.

Conversely, suppose p: E — B is a minimal, semi-Kan fibration. We will
define fiber bundles and prove that any fiber bundle with a normalized, regular
atlas is a twisted product. We will then prove that p: E — B is a fiber bundle
with normalized, regular atlas, hence a twisted product.

For b € B, , let b: A[n] — B denote the simplicial map determined by b,
and define E’ to be the pullback of p: E — B by the map b: A[n] — B.

Definition 6.1. A fiber bundle with fiber F is a continuous simplicial surjective
map p: E — B of simplicial spaces such that for every n > 0 and b € B, there

is a simplicial homeomorphism «a(b): F x A[n] — E’ such that the following
diagram commutes:

FxAn] =, g

l I

Aln] Aln],

where the vertical mappings are the natural projections. (Cf. [6, §19].) We
also require the following continuity conditions. For every » the mapping
a: B, — §(F, E),, determined by {a(b) | b € B,}, must be continuous; and
the mappings

B=8, , (b e u)eB,xE,xAln]l(e,u)€E,} — F,xAln],,

defined by B(b, e, u) = a(b)_l(e, u) , must also be continuous.

The mapping a: B — F(F, E), called the atlas of the fiber bundle, need not
be a simplicial map. If aos, =5, oa forall k, then the atlas « is said to be
normalized, and if aod, =09, oa for kK >0, then « is said to be regular.

Proposition 6.2. Let p: E — B be a fiber bundle with fiber F and normalized,
regular atlas a: B — §(F , E). Then p: E — B is a twisted product.

Proof. For n >0 we will construct a twisting function 7 =7,: B, — A(F),_,
and a simplicial homeomorphism ¢: B x_F — E such that po&(b, x)=b for
(b, x) € (Bx, F)q , ¢ > 0. The construction of 7 is adapted from [6, §19].
Let b € B,, and let J,: A[n — 1] — A[n] be the natural simplicial inclusion
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map defined by 6,(A,_,) = 9,4, . Then the following diagram commutes:

FxAn =9, gb

ideéoT TidExdo

FxAln—1] —— E%®
dpa(b)
Since the mapping a(b) is a simplicial homeomorphism, so are the mappings
0ya(b) and «(9,b). Thus, we can define a simplicial homeomorphism z(b):
F xAln—-1]— F x A[n — 1] by

1(b) = a(8yb) " 0 8ya(b).

We regard 7(b) as an element of 2(F), , by composing it with the natural
projection of F x A[n — 1] onto F. Since we are working in the category of
compactly generated spaces, the mapping 7: B, — (F),_, is continuous.

To show that 7 is a twisting map, it suffices to construct a simplicial home-
omorphism ¢: B x_ F — E. Define ¢ by &(b, x) = a(b)(x, 4,) for (b, x) €
B, xF, , and definea mapping #: E — Bx_F by n(e) = (pe, a(pe)” (e, A,),
e€ E, . Itiseasy to check that {on =id., nol =idy, ,,and pol(b, x)=b.
This completes the proof of Proposition 6.2. ‘

Let o, : A[n] — A[n—1] and J,: A[n] — A[n+ 1] be the canonical simplicial
maps defined by 0,(4,) = 5,A,_, and 6,(4,) = 9,4,,,. We will need the
following lemma.

Lemma 6.3. Let p: E — B be a minimal, semi-Kan fibration with fiber F, and
assume By = . Then for n, q >0 there exist continuous mappings

f=1 . B, xF,xAn], —-E,

g=8, ,{(b,e,u)€ B, x E, x Aln] |(e, u) € E.} — F,,
which satisfy the following conditions:
(i) (f(b, x,u),u) EE;’ for (b, x,u)€ B, x F,xAln],;
(i) 9,f(b,x,u) = f(b,0,x,0u) and s,f(b, x, u) = f(b, s;x, s,u) for
all i,

(iti) f(b, gb,e,u), uy=e
(iv) g(b, f(b,x,u), u) =x;
(v) f(s;b,x,u)=f(b, x,ou) forallk, where(b,x,u)eBn_leqx

(vi) f(9,b,x,u) = f(b,x,du) fork >0, where (b, x,u) € B, x

Before proving this lemma, we complete the proof of Theorem 2.7. We must
define an atlas a: B — §(F, E) for the minimal, semi-Kan fibration p: £ —

B. Let b € B,, and define a continuous mapping «a(b): F x A[n] — Jou by
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a(b)(x, u)=(f(b, x, u), u). Then a(b) is a simplicial map by Lemma 6.3(ii).
Define a continuous mapping

B:{(b,e,u)e B, x E, x Aln],|(e, u) € E,} — F, x Aln],

by B(b, e, u)=(g(b, e, u), u). Then parts (iii) and (iv) of Lemma 6.3 imply
that a(b): F xA[n] - E bisa simplicial homeomorphism with inverse defined
by a(b)—l(e, u)= (b, e, u). Parts (v) and (vi) of this lemma imply that «
is normalized and regular. Thus, by Definition 6.1, p: E — B is a fiber bundle
with normalized, regular atlas a: B — §(F, E).

Proof of Proposition 6.3. Before defining the mapping f of Lemma 6.3, we
need to construct mappings 4;, h;, and f,. For n > 0, the simplicial set A[n]
is contractible [6, Lemma 11.10], and there is a contracting homotopy given by
the homotopy maps 4;: A[n] g, — Aln] defined by 4y(A,) = h,(A,) = 5,4,
and

q+1
h(A,) =5,_, S0, 0,_,A, forl<i<n.

Note that dyhgu = u and 9,  hu = 0 for u € A[n],. For b € B,, let

b: A[n] — B be the simplicial map determined by b . For q2 0Oand 0<i<q,
define continuous mappings #;: B, x A[n], — B by h;(b,u) = bo h(u).
Note that 6q+lzq(b, u)=x*.

We will use the Zi ’s and double induction on g and i to define continuous
mappings f;: B, x F,xAln], - E, for g >0 and 0<i<gq. For ¢ =0,
define f,: B, x Fy x A[n], — E, by

q+1

Sfob, x, u)y=A(hy(b, u); —, x).

For the first inductive step, let ¢ > 0 and assume f;: B, x Fq_1 ><A[n]q_I — Eq
is defined for all /. Define fq: B, x F, xA[n], = E,, by

g+1
fy(byx s u) = Ahy(b, u); f,_ (b, 0%, Q) ..
fq_l(b, 9,_,%, 9,14, —, x),
where (b, x, u) € B, x F, xA[n]q. For the second inductive step, let 0 < k < g

and assume f,,: B, X F, x Aln], — Eq+1 is defined. Define f,: B, x Fq X

A[n]q — Eq+l by

fob, x, u)=2a(h (b, u); fi_ (b, 8yx,84u),s ..., fi_ (b, 8_,X,8,_u),
=3 O S (05 X5 )5 fi(b, Oy X, Oy u) s e
fil(b,9,x, 0,u).

Finally, define f;: B, x F, x A[n], = E_,

by

folb, x, u) = Ahy(b, u); —, 8,£,(b, x, u),
So(b, 0,x,0,u), ... ,fO(b,aqx,aqu)).
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Define f: B, x F, x Aln], — E, by f(b, x,u)=0,fy(b, x, u). Then

pf(b, x,u)=pd,fylb, x, u) = 8yhy(b, u) = b(dhy(1)) = b(w).

This proves part (i) of Lemma 6.3.

The proof that 9.f(b, x, u) = f(b, 9,x, 0,u) is straightforward. To prove
that s5,f(b, x, u) = f(b, s;x, s;u), argue by induction, using the degeneracy
condition for the semi-Kan maps A and the fact that the 4,’s are homotopy
maps, to show that
Sinfib,x,u) if i<y,

s (b, x,u) ifi>

fi(b, 5%, sju) = {

This proves part (ii).
We now define the continuous mapping g of Lemma 6.3. To do so, we must
construct continuous mappings

b
g,.:{(b,e,u)EBn><Eq><A[n]q|(e,u)eEq}—»Eq+1
for ¢ > 0 and 0 < i < q. For brevity, let us define
b
T q:{(b,e,u)eanquA[n]ql(e,u)eEq}.

Define g,: T, , — E, by gy(b, e, u)= (E (b, u); e, —). For the first induc-

n,
tive step, let ¢ > 0 and assume g;: T, a1 Eq is defined for all i. Let

(b,e,u)eT, ,. For ease of notation, deﬁne
= (b, 8,8,_,(b, 0, du), du) € B, x F,_| x A[n]
and define g;: T, .~ E by

g+1

&b, e, u)=/l(710(b, u); e, =, foley)s - s fole,))

For the second inductive step, let 0 < k < ¢ and assume g_,: 7, , — E

n,q g+l
is defined. Define g, : —FE 41 by

g (b,e, u)=l(hk(b, u); jj(_l(co), v S (Cy) 08 (b, e, u),
= fe(Cin)s s Si(ey)) -

q-1>

Finally, define 8, Tn, " E

q+1

by

g (b, e u)=A(h(u): fo_(Co)srr s [y y(Cuey), 8,8, (b€ u), =),

and define g: 7, — F, by gb,e,u)= 9,118, (b, e, u).

Parts (iii)- (v1) of Lemma 6.3 follow from stralghtforward but tedious argu-
ments using double induction and the fact that p: E — B is minimal. We only
remark that to prove (v) one needs the following lemma. (An analogous lemma
is needed for part (vi).)
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Lemma 6.4.  h(s. b, u) =h, (b, ou) forall k.
Proof. Tt suffices to show that the square in the following diagram commutes:

Alnl, ——  Aln]

akl akl

A[n— l]q T’ A[n—‘

q+1

1]q+1 1

7. PROOF OF THEOREM 2.8

Let p: E = B x_ F — B be a twisted product with minimal, semi-Kan fiber
F such that B, = . We need to define a sequence

.. —)E(n) __)E(”_l) —_ .. ""E(l) —>E(0) =B

of twisted products such that the fiber of E™ — E"™V is K (n,F, n),and such
that E, = E;") for g<n. For g, n>0, let < be the equivalence relation on
the g-simplices of E defined by [6, Definition 8.8]. Let E ) be the simplicial
space whose space of g-simplices, E;”) , 1s the quotient space E P / L, with
face and degeneracy maps induced from those of E. By [6, Definition 8.8],
E, = E‘(I") for ¢ < n, and E9 is simplicially homeomorphic to B since
Ey=x.For 0<m<n<oo,let p: E™ — E™ be the natural projection
map, and define p" = p;: E" - B.

Lemma 7.1. p": E"™ — B is a semi-Kan fibration.

Using this lemma it is straightforward to show that p, : E™W — E™ js
a semi-Kan fibration, and by [6, Lemma 12.1] it is minimal. In particular,
J 2 E™ — E"Y is a minimal, semi-Kan fibration, hence a twisted product,
whose fiber Z is minimal and semi-Kan by Theorem 2.7. Since #n,Z = 0 for
i #n and n,Z = n,F, we have Z = K(n,F, n) by Corollary 1.9. This

completes the proof of Theorem 2.8.

Proofof Lemma1.1. Let A=4_ ., t E(qg+1,k)— E, ., denote the semi-Kan
maps of p: E — B. We will define semi-Kan maps

E"(g+1,k) — E",

A=A gl k-
for p": E™ — B by an inductive construction.

Let ¢ and n be positive integers. If g < n, then E‘(i") =E,, 50 A, is
defined by )‘q+l,k when g <n.

Assume ¢ > n, and define / =g—n. For x € E,, let [x]e Ef]") denote the
equivalence class of x. Let

(B3 %), o s [ ]y = [y ] eee s [x,4,0) € E™(@+1, k).
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For each integer j such that 1 < j </, let i ; be an integer satisfying the
following conditions:

(7.2) 0<i;<n+j+1 and ij#k.
Since 8i8i "'81‘,_ [xi 1=0,0,_, "’6i,_,xi, € E,, we can define
Vi, ow iy =40 -8, b 0,0, ---9; [x;1,
0,119, 9, Ix,]) €E,
for every possible /-tuple of integers (i;, ..., ) with the 2 ’s defined in (7.2)
above. Since p: E — B is minimal, Boy( = 0, 6 31‘,%.[":',]- Thus,
(n)
e, i)l = 6,9 [x] € E)),. For i < ] we have OViii, iy =

3]-13’(1,1'2,...,1,)’ and if s is an integer such that 1 < s </ and i < i,
then

Viiysisi)) TV by i =1y iy s 1))

s s5+20

For each integer r such that 1 <r </ and each (/—r+1)-tuple (i,, ..., )

r

of integers ij satisfying (7.2), there is an (n + r)-simplex Vi ,ooiy € E,.,
defined inductively by

Vi, i) ='1(8ir'”ai,b; Yo, iy 2 Yike=t1,i, .0y~

Vikst,i iy oo Yintri i)
which satisfies
W ...

p(y(i,,... ,,‘/)) = 8," ' "a,-[b,

,‘/)] = a,‘ ""91',_,["1 ]’

r !

0,y fori<j,

Goipar oo i) = 9i=1¥ i i)

i) TVl i i =iy iy TOTT S S <D with i <

When r =1/, we getacollection Yy, ... , Vi_{»Vii1s - s Vs of g-simplices
mE such that 9y, =0,_,y, for i<j, py;=9,b,and [y,]=[x]. Let

Yy=Ab; Vor e s Vemis = iyt oo ’yq+l) €E,,,
Then 0,[y] = [x,], and p"([y]) = b, so define
Abs Ix)s o s Dy 1o =5 [y ds o5 [0 D) = D)

To complete the proof, we must show that A satisfies the degeneracy condi-
tion

(s, p"[1x'1; 8,8, [x'], ..., 8,5, [x],
Os1SmlX1s -0 8,8, x']) = 5, [x"]

for [x'] € Ef]") and 0 < m < q. We will need some additional notation.
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Keep /| =q—n, and let [x'] € E‘(I"). For I = (iy, ... ,;_,), an ordered
l-tuple of integers i i satisfying (7.2), define ¢y (I) = a,[x’] €E,.

For an ordered (/-1 )-tuple I = (i,, ... , i,_,) of integers I satisfying (7.2),
define

() =20,p"[x']; -, 8,8,[x'], ..., 9,,,0,[x']) €E,_,
Since 9,9,[x'] € E, and since p: E — B is minimal, d,c,(I) = 8,0,[x']. Thus,
8,c,(I) = 0,8,[x"] = ¢,(i, I) forall i.

Let 0 < r </ and assume c,(I) € E,,, is defined for all (/ — r)-tuples
I=(,,...,1_,) of integers I satisfying (7.2) such that d,c,(I) =c,_,(i, I)
forall i # k and pc,(I) = 0,p"[x']. Let I =(i ,§_;) bean (I —r—1)-
tuple of integers i ; satisfying (7.2), and define

SRR

(1) =A(0,p"[x']; ¢,(0, 1), ... ,c,(k—1,1), —,
c(k+1,I),...,c(n+r+1,1) €E

n+r+1°

cr+ 1

Then d,c,, ,(I)=c,(i, I) forall i # k,and pc,, (I)=0,p"[x'].
Finally, define

¢ =AP" X'l ¢, 0), .o e (k=1), =, ¢ (k+1),....¢_,(2) €E,.
Then a,ai‘ -0, ¢ = 31‘3,', R

-

ing (7.2), and pc, = p"[x']. Thus, [¢,] = [x'].
Now we are ready to prove the degeneracy condition. Let [x,] = 6l.sm[x']
and b = smp"[x'] , and define all the simplices Vi .. as in the construction

of

i[_l[x'] for all i and for all integers i, satisfy-
i)

Abs [xo)s oo s Doy 1o = [y Do e s [Xg4)

above. We leave it to the reader to prove by induction that

c,(I) if 9, --~c9l.lsm = 0, for some I,
y . L= . "
(G ) s,c_ (1) if 9; +++0,5,, = s,y0p for some m' and I'.
When r =1/, we have y, = 9,s,,¢, forall i, so
Y = A(8,,0C15 0yS,Crs s O 18mCrs =5 Op i 18,0Crs -+ s 8qﬂsmc,)

li
=s,¢=5,[x].

This proves the degeneracy condition and completes the proof of Lemma 7.1.
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